We present a covariant multisymplectic formulation for the Einstein-Palatini (or Metric-Affine) model of General Relativity (without energy-matter sources). As it is described by a first-order affine Lagrangian (in the derivatives of the fields), it is singular and, hence, this is a gauge field theory with constraints. These constraints are obtained after applying a constraint algorithm to the field equations, both in the Lagrangian and the Hamiltonian formalisms. In order to do this, the covariant field equations must be written in a suitable geometrical way, using integrable distributions which are represented by multivector fields of a certain type. We obtain and explain the geometrical and physical meaning of the Lagrangian constraints and we construct the multimomentum (covariant) Hamiltonian formalism. The gauge symmetries of the model are discussed in both formalisms and, from them, the equivalence with the Einstein-Hilbert model is established.
Introduction
In recent years, there is an increasing effort in understanding the covariant description of gravitational theories (General Relativity and other derived from it)) using different kinds of geometric frameworks such as the multisymplectic or the polysymplectic manifolds. Thus, in [3, 8, 9, 10, 20, 24, 25, 26, 34, 35, 42, 43] general aspects of the theory are studied in this way, meanwhile other papers are devoted to consider several particular problems. For instance, in [7, 23, 40, 41 ] the reduction and projectability of higher-order theories (such as the Hilbert-Einstein model) is analized, in [45] the vielbein models of General Relativity are studied using the multisymplectic formulation and in [31, 32, 33] interesting contributions to the problem of the precanonical quantization of gravity are done.
The multisymplectic and polysymplectic techniques have been also applied to treat different aspects of one of the most classical approaches in General Relativity: the Einstein-Palatini or Metric-Affine model [4, 5, 30, 36, 37] . In particular, in [5] an exhaustive study of the multisymplectic description of the model has been done, using a unified formalism which joins both the Lagrangian and Hamiltonian formalisms into a single one. This unified framework had been previously stated to do a covariant multisymplectic formulation of the Hilbert-Einstein model in General Relativity [24] . This paper is another contribution in order to complete the multisymplectic description of the EinsteinPalatini theory (without energy-matter sources). In particular, we are especially interested in the following problem: as a consequence of the degeneracy of the Lagrangian, this is a premultisymplectic field theory and the Lagrangian field equations are incompatible in the jet bundle where the Lagrangian formalism takes place. The problem of finding a submanifold where this equations have consistent solutions (if it exists) is solved by applying a constraint algorithm adapted to this premultisymplectic scenario (see, for instance, [12, 14] for a geometric description of these kinds of algorithms). Our first aim is to implement a local-coordinate version of these algorithms. In order to do it, the field equations are stated in a more geometrical way, as equations for distributions, using certain kinds of multivector fields, and in the last step studying their integrability. The second objective is to construct the Hamiltonian formalism of the theory and, then, apply the corresponding constraint algorithm to solve the incompatibility of the Hamiltonian field equations. The constraints arising in both formalisms play a relevant role in describing the main features of the theory and, in the Hamiltonian formalism, the choice of different kinds of coordinates (which have a clear geometric interpretation) allows us to better understanding several geometrical characteristics of the formalism.
Another consequence of the non-regularity of the Lagrangian is that this model exhibits gauge freedom which is also studied in both formalisms. As a consequence of this study, we can recover the Einstein-Hilbert model for General Relativity by means of a partial gauge fixing. A brief discussion on the classical Lagrangian symmetries of the theory and their associated currents is also done.
The paper is organized as follows: Section 2 is devoted to present a brief review on some previous geometric structures such as on multivector fields and distributions, as well as the suitable jet bundle and its corresponding multimomentum bundles needed for developing the Lagrangian and the Hamiltonian formalisms of the theory. Next we describe geometrically the Einstein-Palatini model without energymatter sources. First, in Section 3, the Lagrangian formalism of this theory is studied in detail and the Lagrangian constraint algorithm is applied by steps, obtaining the final constraint submanifold where the Lagrangian field equations have consistent solutions. The geometric interpretation of the different kinds of constraints and the gauge and natural Lagrangian symmetries are also discussed here. Second, in Section 4 the Hamiltonian formalisms is stated and analysed in an analogous way, using two different kinds of coordinates. Finally, the relation with the Einstein-Hilbert model is established discussed in Section 5, and it is used to obtain the final constraint submanifold where the multivector fields solutions are integrable, both in the Lagrangian and the Hamiltonian formalisms. At the end of the paper, an appendix is included, where we state the basic considerations and definitions on the concepts of (Noether) symmetries and gauge symmetries for Lagrangian field theories.
All the manifolds are real, second countable and C ∞ . The maps and the structures are C ∞ . Sum over repeated indices is understood.
Geometric elements 2.1 Multivector fields
(See [16] for details). In general, a multivector field X ∈ X m (M) is said to be locally decomposable if, for every p ∈ M, there is an open neighbourhood U p ⊂ M and X 1 , . . . , X m ∈ X(U p ) such that X| Up = X 1 ∧ . . . ∧ X m .
Locally decomposable m-multivector fields X ∈ X m (M) are locally associated with m-dimensional distributions D ⊂ TM, and multivector fields associated with the same distribution make an equivalence class {X} in the set X m (M). Then, X is integrable if its associated distribution is integrable.
For every X ∈ X m (M), there exist X 1 , . . . , X r ∈ X(U ) such that
with f i 1 ...im ∈ C ∞ (U ), m r dim M. If two multivector fields X, X ′ belong to the same equivalence class {X} then, for every U ⊂ M, there exists a non-vanishing function f ∈ C ∞ (U ) such that X ′ = f X on U .
If (x µ , y i ) are fiber coordinates in the bundle τ : M → M , a τ -transverse and locally decomposable multivector field X ∈ X m (M) is
A section ψ(x µ ) = (x µ , ψ α (x ν )) of τ is an integral section of X if its component functions satisfy the following system of partial differential equations
Definition 2.
If Ω ∈ Ω k (M) and X ∈ X m (M), the contraction between X and Ω is defined as the natural contraction between tensor fields; in particular, i(X)Ω | U := 
Geometrical setting for the Einstein-Palatini action (without energy-matter sources)
We introduce here the Metric-Affine (or Einstein-Palatini) action for the Einstein equations of gravity without sources (no matter-energy is present).
The configuration bundle for this system is the bundle π : E → M , where M is a connected orientable 4-dimensional manifold representing space-time, whose volume form is denoted η ∈ Ω 4 (M ), and E = Σ × M C(LM ), where Σ is the manifold of Lorentzian metrics on M and C(LM ) is the bundle of connections on M ; that is, linear connections in TM .
Consider a natural system of coordinates (x µ , v α ) in the tangent space τ : TM → M , such that
We use adapted fiber coordinates in E, denoted (x µ , g αβ , Γ ν λγ ), (with 0 ≤ α ≤ β ≤ 3, and µ, ν, γ, λ = 0, 1, 2, 3). The functions g αβ are the components of the metric associated to the charts in the base (x µ ), and Γ ν λγ are the Christoffel symbols of the connection (and then the component functions Γ ν γ of the linear connection are Γ ν γ = τ * (−Γ ν λγ v λ ) [19] ). Since g is symmetric, g αβ = g βα and actually there are 10 independent components. We do not assume torsionless connections and hence Γ ν λγ = Γ ν γλ , in general. Thus dim E = 78. When we sum over symmetric indices and not over all the components, we order the indices as 0 ≤ α ≤ β ≤ 3.
In order to state the formalism we consider the first-order jet bundle J 1 π, which is the manifold of the 1-jets of local sections φ ∈ Γ(π); that is, equivalence classes of local sections of π. Points in J 1 π are denoted by j 1 x φ, where x ∈ M and φ ∈ Γ(π) is a representative of the equivalence class (here Γ(π) denotes the set of sections of π). We have the natural projections
Induced coordinates in J 1 π are denoted (x µ , g αβ , Γ ν λγ , g αβ,µ , Γ ν λγ,µ ), and dim J 1 π = 374. Finally, if φ ∈ Γ(π), the 1st prolongation or canonical lifting of φ to J 1 π is denoted by j 1 φ ∈ Γ(π 1 ).
A special kind of vector fields are the coordinate total derivatives [38, 44] , which are locally given as
Next, let Mπ ≡ Λ 4 2 (T * E) be the bundle of 4-forms in E vanishing by the action of two π-vertical vector fields, which is usually called the extended multimomentum bundle of E, and is endowed with the canonical projections κ : Mπ → E ; κ = π • κ : Mπ → M .
Induced local coordinates in
This bundle is endowed with the tautological (or Liouville) 4-form Θ ∈ Ω 4 (Mπ) and the canonical (or Liouville) 5- form Ω = −dΘ 1 ∈ Ω 5 (Mπ) which is a multisymplectic form; that is, it is closed and 1-nondegenerate. Their local expressions are
where
3 The Metric-Affine model: Lagrangian formalism 3.1 Poincaré-Cartan forms and field equations (See, for instance, [1, 15, 16, 21, 23, 28, 44] for the general setting of the Lagrangian formalism of field theories in jet bundles).
The Einstein-Palatini (or Metric-Affine) Lagrangian density is a
is the Einstein-Palatini Lagrangian function which, in the above coordinates, is given by
are the components of the Ricci tensor, which depend only on the connection, and g αβ denotes the inverse matrix of g, namely: g αβ g βγ = δ α γ . It is useful to consider the following auxiliary functions:
The Poincaré-Cartan 5-form Ω L EP associated with the Einstein-Palatini Lagrangian density is constructed using the canonical structures of the bundle J 1 π and its expression is
Observe that it is a π 1 -projectable form.
The variational problem [22, 39] associated to the system (J 1 π, Ω L EP ) consists in finding holonomic sections ψ L = j 1 φ ∈ Γ(π 1 ) (with φ ∈ Γ(π)) which are solutions to the equation
or, what is equivalent, which are integral sections of a multivector field X L contained in a class of holonomic multivector fields
The π 1 -transverse multivector fields X ∈ X 4 (J 1 π) can be characterized by demanding that i(X)(π 1 ) * η = 0. Then, for a generic locally decomposable and π 1 -transverse multivector field in J 1 π we have the following local expression X = f 3 ν=0 X ν , with
where the coefficients are arbitrary functions of C ∞ (J 1 π). If the multivector field is holonomic and we set f = 1, then necessarily
Taking (5) and (3), the equation (4) becomes locally
since ∂L βγ,µ α ∂Γ τ ρσ = 0. Equations (7) arise from the variations of the coordinates x µ and they hold as a consequence of (8) and (9) . The equations (8) arise from the variations on the components of the metric, and contains the functions f α βγ,µ related to the connection, thus we call them connection equations. Finally, the equations (9) arise from the variations on the components of the connection, and contain the functions f σρ,µ , thus they are called metric equations.
The fact that a multivector field in J 1 π has the local expression (6) (then being locally decomposable and π 1 -transverse) is just a necessary condition to be holonomic, since it may not be integrable; but, if it admits integral sections, then its integral sections are holonomic. Locally decomposable and π 1 -transverse multivector fields which have (6) as coordinate expression are said to be semiholonomic in J 1 π (see [16] for an intrinsic definition of these kinds of multivector fields).
Compatibility and consistency constraints
In general, π 1 -transverse and integrable multivector fields X ∈ X 4 (J 1 π) which are solutions to (4) could not exist. In the best of cases they exist only in some submanifold of J 1 π [14] . The aim in this section is to find the constraints that define this submanifold, using a local version of the geometric constraint algorithms [12, 14] .
First, we introduce the following notation: as it is usual,
We denote by ker H Ω L EP denote the sets of semi-holonomic and the holonomic multivector fields which are solutions to the equations (4), respectively. Obviously we have
We make the study in several steps, following the next procedure: first we consider the problem of finding locally decomposable and π 1 -transverse multivector fields which are solution to (4) (that is, the elements of ker (8) and (9) respectivelly. But the equations (9) are not compatible. In fact: Proposition 1. The necessary condition for the existence of solutions to the metric equations (9) is that the following equalities hold:
where T α βγ are the components of the torsion tensor which are defined as usual,
Proof. We introduce the following functions
which satisfy that ∂L
where n(ρσ) is a combinatorial factor such that n(ρσ) = 1 for ρ = σ, and n(ρσ) = 2 for ρ = σ. Then, using them in the metric equations (9), we obtain
These are equations for the functions f λζ,ν which, as a consequence of the symmetry of the metric, g αβ = g βα , are also symmetric: f λζ,ν = f ζλ,ν . Nevertheless, the equations are incompatible because they are not symmetric under the change λ ↔ ζ. In fact; we obtain that α βγ,λζν
and the result follows from here.
Conditions (11) are called torsion constraints and they define the submanifold S T ֒→ J 1 E. These torsion constraints are essential in the following discussion, since they impose strong restrictions on the torsion. In fact:
Proposition 2. The torsion constraints (11) are equivalent to
Proof. If (11) holds, then
As a consequence of this result, on S T the torsion is determined by its "trace", tr(T ) = T ν αν . Proposition 3. On the submanifold S T , the general solutions to the equations (8) and (9) are, respectively,
for some functions
Proof. The metric and connection equations are independent and lineal. Thus we look for particular and homogeneous-general solutions for each one.
It is straightforward to check that (15) is a particular solution to the metric equations on S T . Given two solutions, f 1 and f 2 , their difference h σρ,µ = f 1 σρ,µ −f 2 σρ,µ is a solution to the homogeneous equation
Consider the functions α βγ,λζν which satisfy (12), 
This equation is equivalent to: ; (on S T ) , which are called trace solutions. For any solution h, consider K α βγ,µ = h α βγ,µ −C βµ δ α γ with C βµ = h λ λβµ . It follows that K λ λγµ = 0. Since the equation is lineal, these functions must also be solutions. Therefore:
. These solutions are called torsion solutions. From their definition it is clear that any homogeneous solution is a sum of a trace and a torsion solution. Furthermore, if K α βγ,µ = C α βγ,µ = C βµ δ α γ , then 0 = K λ λγ,µ = C γµ ; on S T . Thus, the only homogeneous solution which is both trace and torsion is h α βγ,µ = 0.
This proposition shows also that:
The torsion constraints (11) (or their equivalent expressions (13) ) are sufficient conditions for the existence of solutions to (9) .
These constraints could be also obtained in an intrinsic way using the procedure described in [14] .
Now we must check the tangency (or consistency) conditions. First, observe that, taking into account (5), (14) , and (15), the general solution to the equation (4) (before imposing the holonomy condition) are multivector fields of the form
Bearing in mind the conditions on the functions C α βγ,µ , K α βγ,µ stated in Proposition 3, the tangency condition on the torsion constraints (13)
hold on S T as long as
Nevertheless, solutions to equation (4) must be holonomic multivector fields. Thus, first we look for semiholonomic solutions, then we analyze their tangency and, finally, we study the existence of holonomic solutions.
Semi-holonomic multivector fields (elements of ker

4
SH Ω L EP ): semiholonomic constraints
If a multivector field is semiholonomic then its local expression is (6) ; that is,
In this case, there are more constraints which arise from the equations (8) and (9) and are the EulerLagrange equations themselves:
(Geometrically, they are a consequence of the fact that Ω L Ep is π 1 -projectable [7, 23, 34, 35, 40, 41] ). In this way, the connection and metric equations become semiholonomic constraints, which are called connection and metric constrains, respectively.
In particular, notice that the metric constraints (19) arise from the equations (9), which lead to the torsion constraints (13) . Therefore, the metric constraints split into two kinds of conditions: the torsion constraints (13) themselves and, according to equation (15) (or, equivalently, to (17)),
which are called pre-metricity constraints. They are closely related to the metricity conditions and the trace of the torsion, as it is proved in the following:
In the points of the submanifold S m ֒→ J 1 π defined by the metric constraints (19) , we have that:
(Here, the notation ∇ Γ(p) means the covariant derivative with respect to the connection Γ in the point p, and T Γ(p) denotes the torsion tensor associated to this connection).
Proof. In the coordinates of J 1 π the metricity condition
Therefore, the statement follows immediately since the metric constraints (20) can be written as
Tangency condition: consistency constraints
Now we check the tangency (or consistency) condition for all the above sets of constraints. A semi-
X ν has the local expression (6) . The tangency condition on the connection constraints (18) reads
and it does not lead to new constraints because they allow to determine the functions f α βγ,σν (on S T ) . The tangency condition on the pre-metricity constraints (20) gives
and it does not lead either to new constraints. But the tangency condition on the torsion constraints (13) does lead to new constraints
The tangency condition on these new constraints leads to
which are not new constraints, but equations for the functions f α βγµ,ν . Therefore, in the submanifold S sh ֒→ S T defined by these constraints there are semiholonomic multivector fields solutions to the field equations, which are tangent to S sh .
Summarizing, we have proved that: Theorem 1. There exists a submanifold j sh : S sh ֒→ J 1 π where there are semi-holonomic multivector fields which are solutions to the field equations (4) and are tangent to S sh . This submanifold is locally defined in J 1 π by the constraints
These constraints are not independent all of them. For instance, the pre-metricity constraints m ρσ,µ are symmetric in the indices σ, ρ and the constraints t α βγ and r α βγ,ν are skewsymmetric in the indices β, γ.
Proposition 5. The general expression of the semi-holonomic multivector fields which are solutions to the field equations (4) on S sh are
where, on the points of S sh ,
Proof. The functions f σρµ,ν are given by 22. Now, from (18) we obtain that
and therefore (21) becomes
A particular solution to these equations is
Now, we need to find a general solution h α βγµ,ν to the homogeneous equation, which is just (16), but on S sh . Thus, proceeding as in the proof of Proposition 3, we obtain that
By construction, the solutions obtained in this way satisfy all the tangent conditions on the constraints given in Theorem 1, except L(Xν )r α βγ,µ = 0 ; (on S sh ) ; and these equations lead to the last conditions.
Comments:
• It is important to point out that, up to the torsion constraints t α βγ , all the other constraints appear as a consequence of demanding the semiholonomy condition on the multivector fields solution to the field equations (4).
• From the constraints m ρσ µ = 0 and t α βγ = 0 in Theorem 1, and Proposition 4 we obtain that
Thus, any of these conditions are necessary and sufficient to assure that the connection becomes the Levi-Civita connection. This result completes the already known fact that the vanishing of the trace torsion is sufficient for the connection to be the Levi-Civita connection (see, for instance, [5, 11] ).
Holonomic multivector fields (elements of ker
H Ω L EP ): Integrability constraints
The last step is to look for holonomic (i.e., integrable and semiholonomic) multivector fields. Locally, a multivector field is integrable if [X µ , X ν ] = 0 for any µ, ν = 0, 1, 2, 3. In any open of U ⊂ S f where this condition holds, there exist integrable sections for the multivector field defined on π(U ). In general, integrable multivector fields could only exist in a submanifold S f of S sh . In any case, computing where the different multivector fields we have found are integrable is, in general, a complicate task. In this section we outline some guidelines in order to solve this problem.
Consider the following general expression
Next, we have to take into account (23) . First, the coefficients F ǫ | S sh = 0, necessarily (and this is the reason for imposing the vector field to vanish, which is a stronger condition than being inside the distribution). From the conditions F αβ | S sh = 0, we derive that
which are new restrictions on the functions Γ α βγ,µ , specifically
where the functions K α βγµ arise from proposition 3. (Observe that these constraints are symmetric in the indices ρ, σ and skewsymmetric in the indices µ, ν). In a similar way, from the conditions
which impose some restrictions on the possible solutions, namely:
The coefficients F αβ,γ vanish automatically on S sh as long as (f α βγµ,ν − f α βγν,µ )| S sh = 0. Finally, the conditions F α βγ,ǫ = 0 lead to a system of PDE on the functions C βµν , K α βγ,µν which may originate new constraints. The tangency conditions on the constraints i ρσ,µν give
In what follows, we will denote j f : S f ֒→ J 1 π the constraint submanifold defined by all the constraints c µν , m σρ,µ , t α βγ , r α βγ,ν and i ρσ,µν . This is the submanifold where there exist holonomic multivector fields solution to the field equations which are tangent to S f , as it is shown in Proposition 18. Notice that S f is a subbundle of J 1 π over E and M and, thus, we have the natural submersions
Symmetries and gauge symmetries
(See the Appendix A for reviewing the basic definitions and considerations about symmetries and gauge symmetries for singular Lagrangian field theories). 
Proof. Consider a vector field
As S f is a bundle over M , clearly X is π 1 f -vertical if, and only if, it is π 1 -vertical. Therefore π 1 * X = 0 if, and only if, f µ = 0. Furthermore
After doing the pullback j * f i(X)ΩL EP , we obtain the terms j *
As every coefficient must vanish, taking in particular the corresponding to the factor dΓ α (βγ) , we obtain that f ρσ | S f = 0. Indeed:
Using these results, the problem is reduced to find
Multiplying (25) by g µρ g νσ we obtain:
This system has two kinds of solutions. First, there are the trace solutions, given by f α βγ = C α βγ = C β δ α γ , for any arbitrary function C β ∈ C ∞ (J 1 π) [11] . Second, for other solutions f α βγ , we have that
Contracting indices α, β we obtain K α αγ = 0. Since (25) are lineal, K α βγ are also solutions, therefore
which implies K α ρσ g ρσ = 0, thus K α βγ + K α γβ = 0. These are called the torsion solutions. Both kinds of solutions fulfil (26) ; in fact,
Now we impose the tangency condition on the torsion constraints
The trace solutions are tangent, but the torsion are not. Before checking the other constraints, let us impose the condition of being natural. The local conditions for a π 1 -vertical vector field to be natural are that f ρσ , f α βγ are π 1 -projectable, that f ρσ,µ = D µ f ρσ , and that f α βγ,σ = D σ f α βγ . In our case, these conditions imply that
and that f ρσ,µ | S f = 0. The tangency condition on the pre-metricity constraints is
, and hence
The tangency condition on r α βγ,ν involves only the functions f α βγ,ν :
The trace solutions fulfil this condition automatically. Finally, the tangency condition for the integrability constraints (24) holds:
Lagrangian symmetries of the
is also a metric with the same signature as g x . In the same way, as a connection Γ x is a (1, 1)-tensor in T x M [19] , denoting also by F * the induced action of F on the tensor algebra, we define:
Let Z ∈ X(M ). The canonical lift of Z to the bundle E is the vector field Y Z ∈ X(E) whose associated local one-parameter groups of diffeomorphisms F t are the canonical lifts to the bundle E of the local one-parameter groups of diffeomorphisms F t of Z.
Furthermore, every diffeomorphism in E induces a diffeomorphism in J 1 π. The vector fields generating these transformations are canonical liftings X = j 1 Y , for Y ∈ X(E). Hence, for the above ones we have
while for the other constraints, after a long calculation, we obtain
Thus, these vector fields are natural infinitesimal Lagrangian symmetries and, hence, natural infinitesimal Noether symmetries. Then an associated conserved quantity to each
, which has the local expression:
Finally, given a section ψ L solution the field equations, the Noether current associated with
Comment: The term "gauge" is also used in physics to refer the invariance of the equations with respect to changes of variables in the base manifold M . Nevertheless, in our geometric formalism, these are really the natural symmetries that we have studied in this Section, and they are mathematically different from the geometric gauge symmetries that we have analysed in the previous Section.
4 The Metric-Affine model: Hamiltonian formalism
Canonical Hamiltonian formalism
(See, for instance, [12, 17, 39] for the general setting of the multisymplectic Hamiltonian formalism for first-order field theories).
Consider the quotient bundle J 1 π * = Mπ/Λ 4 1 (T * E) (where Λ 4 1 (T * E) is the bundle of π-semibasic 4-forms in E), which is called the restricted multimomentum bundle of E, and is endowed with the natural projections
Induced local coordinates in
The Legendre transformation FL EP : J 1 π −→ J 1 π * (see [18] for the definition) is given, for the Einstein-Palatini Lagrangian, by
and
x φ ∈ J 1 π,
Locally we have that
Proposition 7. P ≡ FL EP (J 1 π) is a closed submanifold of J 1 π * , which is diffeomorphic to E.
Proof. From (27) we have that P is locally defined by the constraints
which remove the degrees of freedom in the fibers of the projection τ .
If  : P֒→J 1 π * is the natural embedding, we denote by
the restrictions to P of the natural projections τ and τ . Then, this Proposition states that τ P is a diffeomorphism.
Proposition 8. L EP is an almost-regular Lagrangian density.
Proof. We prove the three conditions that define this concept: First, as we have seen, P is a closed submanifold of J 1 π * . Second, as dim P = rank(T j 1 x φ FL EP ) = 78, for every j 1 x φ ∈ J 1 π, then FL EP is a submersion onto its image. Finally, taking into account Proposition 7, we conclude that the fibers of the Legendre map, (FL EP ) −1 (FL(j 1 x φ)), are just the fibers of the projection π 1 , and they are connected submanifolds of J 1 π (recall that J 1 π is connected because we are considering metrics with fixed signature).
As a consequence of this Proposition, the existence of the Hamiltonian formalism for this system is assured (see, for instance, [39] for the details on this construction). In particular, let FL In this way we have constructed the Hamiltonian system (P, Ω H ). Then, the variational problem associated with this system [22, 39] consists in finding sections ψ H : M → P which are solutions to the equation ψ * H i(X)Ω H = 0 , for every X ∈ X(P) . or, what is equivalent, which are integral sections of a multivector field contained in a class of τ Ptransverse integrable multivector fields {X H } ⊂ X 4 (P) such that
In order to do a local analysis of the Hamiltonian formalism for this system, we can use two kinds of coordinates on P: the so-called non-momenta and pure connection coordinates.
Non-momenta coordinates
Bearing in mind Proposition 7, we can take (x λ , g ρσ , Γ α βγ ) as local coordinates in P, with 0 ≤ ρ ≤ σ ≤ 3. These are the non-momenta coordinates of P. Using them, the local expression of Ω H is the same as that of Ω L EP (see (3)). As a consequence, the Hamiltonian analysis of the system is similar to that in the Lagrangian formalism (up to the analysis of the holonomy).
Note that the functions L βγ,µ α and H introduced in (1) and (2) are also FL o EP -projectable and, hence, we commit an abuse of notation denoting the corresponding functions of C ∞ (P) with the same simbols. Then, for a τ P -transverse multivector field X ∈ X 4 (P), whose local expression in these coordinates is
the local expression of equation (29) is
together with other equalities which are consequence of these two sets of equations. This system of equations is the same as (8) and 9 and, therefore, the analysis made in Section 3.2.1 is valid here.
Proposition 9 (Constraints). A necessary condition for the existence of solutions to the system of equations (30) and (31) (and, in particular, (30)) is that the following equalities hold
These constraints define the submanifold  f : P f ֒→ P.
Proof. The proof is the same than for Propositions (11) and (2). They are also the projections of the torsion constraints by the Legendre map.
Finally, the tangency conditions of X for these constraints on P f are
which does not lead to new constraints. Notice that these results about the Hamiltonian constraints are coherent with the comment in Section 3.2 about the fact that, up to the torsion constraints t α βγ , all the other Lagrangian constraints appear as a consequence of demanding the semiholonomy condition for the solutions to the Lagrangian field equations and, hence, they cannot be projectable functions under the Legendre map [13] . In fact, a simple computation shows that 
Proposition 10 (Solutions). The solutions to the Hamiltonian field equations (30) and (31) are
with C β,ν , K α βγ,ν ∈ C ∞ (P f ) such that, on the points of P f , they satisfy
Proof. From Proposition 3 and (11), we obtain (32) and (33) , and the tangency conditions on the torsion constraints lead to we obtain (34).
Finally, the integrability condition is [X µ , X ν ]| P f = 0. The vanishing of the coefficients of ∂ ∂g σρ do not lead to new constraints, but they do impose new restrictions for the possible solutions:
The vanishing of the coefficients of ∂ ∂Γ α βγ lead to a system of first order PDE on the functions C α βγµ and K α βγµ . This system of PDE has solutions everywhere on P f , as it is shown in Proposition 19.
The following diagram summarizes this situation:
The study of the gauge vector fields in the Hamiltonian formalism is simpler than in the Lagrangian one. In fact:
Proposition 11 (Gauge symmetries). The gauge vector fields of the system are
Proof. A τ -vertical vector field has the local expression:
The analysis of the equation i(X)ΩH = 0 is analogous as in Proposition 6. We find that f ρσ = 0 and f α βγ = C β δ α γ + K α βγ , on the points of P f ; that is, they are a combination of a trace and a torsion solution; but the torsion solutions are not tangent to P f .
The multiple solutions of the system are given by the functions C α βγ,ν and K α βγ,ν (see (32) ). The functions C α βγ,ν are related with the gauge freedom, but the former ones K α βγ,ν are not.
Pure-connection coordinates
The non-momenta coordinates arise in a natural way from the structure of the manifolds, but their use turn out to be very similar to the analysis made in the Lagrangian formalism, thus providing little extra understanding about the theory. A more interesting coordinates can be obtained from the second set of constraints in (28) p
that is, the momenta of the connection can be obtained from the metric. The converse is also true; in fact:
)|, we have that
Proof. Contracting the indices α and β on (36) we obtain
which is the first equality. Now, computing the determinant, as ̺ = | det(g γµ )|, we obtain that the second equality holds:
It is interesting to point out that all the results can be extended to an arbitrary dimension m > 2; but T is proportional to ̺ only for m = 4.
Since the degrees of freedom of g αβ and p βγ,µ α are not equal, equation (36) has several implicit restrictions. In fact, using Lemma 1 to substitute the metric for momenta in (36) we obtain the constraints . Therefore, the only degrees of freedom for the momenta of the connection are the symmetric part of p µβ,α µ , which equals the degrees of freedom of the metric.
Denoting p αβ := p rα,β r , we can consider the set of coordinates (x µ , Γ α βγ , p ρσ ) in P, with 0 ≤ ρ ≤ σ ≤ 3, which are called pure-connection coordinates. The relation between these coordinates and the non-momenta ones is given by the following map
which is invertible, and hence a local diffeomorphism, by Lemma 1.
In pure-connection coordinates the Hamiltonian function has the local expression
and the Hamilton-Cartan form Ω H is
A general transverse locally decomposable multivector field in P has the local expression in pureconnection coordinates:
Then the field equations (29) are locally
Next the results previously described in the above Section 4.2 are recovered and extended:
The constraints and gauge variations are related to the connection, where both the non-momenta and pure-connection coordinates have the same expression. Therefore: Proposition 12 (Constraints). A necessary condition for the existence of solutions to the system of equations (37) and (38) (and, in particular, (38) ) is that the following equalities hold
Proof. They are the projections of the torsion constraints by the Legendre map. Alternatively, they can be deduced from (38) imposing that
Taking into account the results presented in the above Section 4.2, we have: (29) in the pure-connection coordinates are:
Proposition 13 (Solutions). The solutions to the Hamiltonian field equation
The integrability condition is
We have that F ǫ | P f = 0, and imposing F αβ | P f = 0, we derive the following condition on the possible solutions
The conditions F α βγ | P f = 0 lead to a system of PDE on the functions C α,β and K α βγ,µ which has solutions everywhere on P f , as it is shown in Proposition 19.
Proposition 14 (Gauge symmetries). The gauge variations of the system are:
Proof. For a generic vertical vector field
we have that
Doing the pullback to P f , we have that j * dΓ α βγ = 1 2 dΓ α (βγ) + 1 6 δ α β dT r rγ − 1 6 δ α γ dT r rβ . As every coefficient must vanish, taking in particular the corresponding to the factor dΓ α (βγ) and contracting with δ α µ , we obtain that G βγ = 0. Therefore we have
Following the same argument as in 6, these equations have two kinds of solutions on P f : trace solutions, f α βγ = C β δ α γ , and torsion solutions, f α βγ = k α βγ ; with k α βγ + k α γβ = 0 and k µ µγ = 0. Likewise, only the trace solutions are tangent to P f .
Intrinsic interpretation of the pure-connection coordinates
Now we present a fibered manifold and a Hamiltonian function which involve only the connection and we prove that this system is equivalent to the Hamiltonian formalism for the Metric-Affine action.
The configuration bundle for this pure-connection system is the bundle π Γ : E Γ → M , where M is the connected orientable 4-dimensional manifold representing space-time, as above, and E Γ = C(LM ), the bundle of connections on M ; that is, linear connections in TM . Then, consider the bundles
) and
Consider a Hamiltonian section h :
In a local chart of natural coordinates, U ⊂ J 1 π * Γ , this Hamiltonian section is specified by a local Hamiltonian function
) (see [6, 39] ). This Hamiltonian function is
The bundle Mπ Γ is canonically endowed with the corresponding multisymplectic Liouville 5-form Ω Γ ∈ Ω 5 (Mπ Γ ). Then, the Hamilton-Cartan form is
Furthermore, we introduce the following constraints on J 1 π * Γ :
Let  Γ : P Γ ֒→ J 1 π * Γ be the submanifold locally defined by these constraints. Then we can construct the premultisymplectic form
Proposition 15. There exists a diffeomorphism ζ : P Γ → P such that Ω H Γ = ζ * Ω H and hence the Hamiltonian systems (P Γ , Ω H Γ ) and (P, Ω H ) are equivalents.
Proof. Using the pure-connection coordinates in P, the diffeomorphism is locally given by
Its inverse acting on the momenta is given by
and is an exhaustive map because Im(ζ −1 ) = P Γ , as a consequence of the reasoning done before in this paragraph. The equality Ω H Γ = ζ * Ω H is obtained straightforwardly from the local expressions of these forms.
Relation with the Einstein-Hilbert model
The Einstein-Hilbert model can be recovered from the Einstein-Palatini (Metric-Affine) model by demanding the connection to be the Levi-Civita connection associated with the metric [11] . In this section we will show this equivalence geometrically.
The Hilbert-Einstein model
(See [24] for more details and the proofs of the results).
The Lagrangian description of the Einstein-Hilbert model (without energy-matter sources) is developed in the bundle π Σ : Σ → M , where the fibres are spaces of Lorentz metrics on M ; that is, for every
the Hilbert-Einstein Lagrangian function, which is again L V = ̺R, where ̺ = |det(g αβ )| and R is the scalar curvature, but now the connection is the Levi-Civita connection of the metric g.
The Lagrangian formalism takes place in the higher-order bundle J 3 π Σ , with local coordinates (x µ , g αβ , g αβ,µ , g αβ,µν , g αβ,µνλ ) , which is endowed with the Poincaré-Cartan 5-form associated with L V , denoted by Ω L V ∈ Ω 5 (J 3 π Σ ), and so we have the Lagrangian system (J 3 π Σ , Ω L V ). It is a premultisymplectic system since L V is singular and then, the constraint algorithm leads to a final constraint submanifold S f ֒→ J 3 π Σ where there are tangent holonomic multivector fields which are solutions to the Lagrangian field equations.
The Hamiltonian formalism takes place in the bundle P Σ → M , where P Σ = FL V (J 3 π Σ ). In a similar way as in the Einstein-Palatini model, we can construct the Hamilton-Cartan form
Legendre map associated with L V . So we have the Hamiltonian system (P, Ω h V ). The form Ω h V is multisymplectic and then P Σ is the final constraint submanifold for the Hamiltonian field equations. The essential thing is that it can be proved that P Σ is diffeomorphic to J 1 π Σ (and hence to J 1 π Σ * ).
It is proved [7, 41] that there are first-order (regular) Lagrangians in J 1 π Σ which are equivalent to the the Hilbert-Einstein Lagrangian and that allows a description of the Einstein-Hilbert model in J 1 π Σ (with coordinates (x µ , g αβ , g αβ,µ )). The first-order Lagrangian density proposed in [40] 
So we have the Lagrangian system (J 1 π Σ , Ω L ) and, as the Lagrangian L is regular, then Ω L is a multisymplectic form and the Lagrangian field equations have solutions everywhere in J 1 π Σ .
In addition, the corresponding Legendre map FL :
. So we have the Hamiltonian system (J 1 π Σ * , Ω h ) and the corresponding Hamiltonian field equations have solutions everywhere in
In addition, the solutions to the Lagrangian problem are in one-to-one correspondence with thes solution to the Hamiltonian problem through the Legendre map.
Relation between the Einstein-Hilbert and the Metric-Affine models
The pre-metricity constraints determine the derivatives of the metric in function of the metric and the connection. The converse, which is a similar result to the existence of the Levi-Civita connection, can be formulated as follows:
Then there exists a unique linear connection Γ defined on U such that:
Torsion:
Proof. From the pre-metricity conditions we have
Using the torsion conditions and the gauge fixing we get
and contracting the indices α and ρ and rearranging the terms:
Finally, incorporating this result to the previous equation, we conclude that
which determines uniquely the connection in U .
In order to establish the relation between both models, our standpoint is the Hamiltonian formalism of the Einstein-Palatini model developed in Section 4.2. So, let P f ֒→ P be the final constraint submanifold for this last model. Then, consider the following local map:
where Proof. Consider a generic vector field X ∈ X(P), tangent to P f ,
If X ∈ ker ξ * , then f µ = 0 and f αβ = 0. For the last coefficients we have:
For the coefficients of the form f α βγ = C β δ α γ for C β ∈ C ∞ (P), the condition holds. Now, for every solution f α βγ to these equations, consider h α βγ = f α βγ − f λ λβ δ α γ , which are also solutions because the equation is lineal. Thus
Notice that h ν νγ = 0. Now, contracting with g αβ , we obtain that h λ γλ = 0. Furthermore, as we are on the points of P f , where the torsion constraints hold, this implies that h α βγ − h α γβ = 0, and therefore they are symmetric functions (for the indices βγ). Now, if S αγβ := g αλ h λ γβ ; taking into account the symmetry of h α βγ , we have that S αγβ = S αβγ , and from (39) we obtain S αγβ = −S βγα . These two conditions hold simultaneously only if S αγβ = 0. Therefore, h α βγ = 0, and hence ker
Let P ′ f be the manifold obtained making the quotient of P f (which is defined by the torsion constraints) by the gauge vector fields, and let the natural projection τ ′ f : P f → P ′ f . Then:
Proof. Consider a smooth section ς of τ ′ f , and let
From lemma 2, ker ξ * ⊃ G; therefore ξ ′ does not depend on the section chosen. Moreover, ker ξ * ⊂ G and it is injective. Finally, it is exhaustive because for every point of J 1 π Σ , its preimage contains the connection given by proposition 16. In conclusion, ξ ′ is a local diffeomorphism and then P ′ f is (locally) diffeomorphic to J 1 π Σ .
Then, a simple calculation in coordinates leads to the following result:
Comment:
The comparison between the multiplicity of solutions of the Einstein-Hilbert and the MetricAffine models can help us to interpret some of the conditions. The multiplicity of the semiholonomic solutions of the Einstein-Hilbert model appears in the second derivative of the components of the metric (in the Hamiltonian formalism using the non-momentum coordinates). They are of the form (see [24] )
The map ξ transforms any section ψ solution of the Einstein-Palatini model into a solution ξ * ψ of the Einstein-Hilbert model. The functions C α βγ,µ in (32), corresponding to the gauge variation, get annihilated by the action of ξ. Therefore, we can say that the functions K α βγ,µ (corresponding to ψ) and F h αβ;µ,ν (corresponding to ξ * ψ) are related, as they are in one to one correspondence. Their conditions can be related using this equivalence as it is shown in the following table: supposing that F h αβ;µ,ν and K α βγ,µ are related, we have:
Integrability
In the (first-order) Einstein-Hilbert model, every point p ∈ J 1 π Σ is in the image of a section solution to the field equations, Im(ϕ p ), since J 1 π Σ is the final manifold for this model. As a consequence of the equivalence between both models, P f must be also the final constraint submanifold for the EinsteinPalatini model; that is:
Proposition 18. For every q ∈ P f , there exists a section ψ H solution to the Hamiltonian field equations of the Metric-Affine model such that q ∈ Im(ψ H ).
Proof. Consider the solution ϕ ξ(q) in the Einstein-Hilbert Hamiltonian formalism. Moreover, consider ζ : J 1 π Σ → P f ⊂ P a section of ξ such that ζ(ξ(q)) = q which exists because ξ is exhaustive. Therefore q ∈ Im(ζ • ϕ ξ(q) ) and, in order to check that ζ • φ ξ(q) is a solution, consider an arbitrary Y ∈ X(P); then
where we have used that (ξ • ζ)(p) = p because it is a section, and that ϕ ξ(q) is a solution. Finally,
is a section of τ P •  f = τ f , and hence it is a solution.
The Lagrangian counterpart of this result also holds, although it is not straightforward because we are working with a singular field theory. Proof. Consider the diffeomorphism τ P : P → E stated in Proposition 7 (in particular, it relates the Lagrangian coordinates with the non-momenta coordinates). Then we have that τ −1 P (π 1 f (p)) ∈ P f . Furthermore there exists a solution to the Hamiltonian field equations ψ H such that τ
, as it is shown in the above Proposition. Then, we are going to prove that the holonomic section ψ L solution in the Lagrangian formalism is ψ L = j 1 (τ P • ψ H ).
In fact, first observe that, for the Metric-Affine model, the fibers of the Legendre map FL 
and ψ * L i(Za)ΩL EP = 0 trivially. This allows us to conclude that ψ * L i(Y )Ω L EP = 0, for every Y ∈ X(J 1 π), and hence ψ L is is a solution to the Lagrangian field equations.
Finally, Im ψ L ⊂ S f . Indeed, equations (30) and (31) for ψ H imply that all the points in Im ψ L verify the constraints c µν and m ρσ,µ . The constraints r α βγ,ν and i ρσ,µν are also satisfied because they arise from the tangency condition on the semiholonomic constraints (see Section 3.2.2) and the integrability condition respectively; and then they are satisfied for holonomic sections which are solutions to the Lagrangian field equations.
The following diagram summarizes the situation (see also the diagram (35)).
Conclusions and outlook
We have presented a multisymplectic covariant description of the Lagrangian and Hamiltonian formalisms of the Einstein-Palatini model of General Relativity (without energy-matter sources). It is described by a first-order "metric-affine" Lagrangian which is (highly) degenerate and hence it originates a theory with constraints and gauge content.
The Lagrangian field equations are expressed in terms of holonomic multivector fields which are associated with distributions whose integral sections are the solutions to the theory. Then, we use a constraint algorithm to determine a submanifold of the jet bundle J 1 π where, first, there exist semiholonomic multivector fields which are solution to these equations and are tangent to this submanifold, and second, these multivector field are integrable (i.e., holonomic). The constraints arising from the algorithm determine where the image of the sections may lay.
In coordinates, the Lagrangian field equations split into two kinds: the metric and the connection equations (equations (7), (8) , (9)). In the same way, the Lagrangian constraints can be classified into three different types. First there are the torsion constraints, which impose strict limitations on the torsion of the connection. Then we have the constraints which appear as a consequence of demanding the semiholonomy condition for the multivector field solutions (Theorem 1). In particular, the Euler-Lagrange equations themselves (which appear as constraints of the theory as a consequence of the fact that the Poincaré-Cartan form is π 1 -projectable and the equations are first-order PDE's), and specially the socalled pre-metricity constraints, which are closely related to the metricity condition for the Levi-Civita connection. Only the tangency condition on the torsion constraint lead also to new constraints. Finally, a family of additional integrability constraints appear as a consequence of demanding the integrability of the multivector fields which are solutions. Only the initial the torsion constraints are projectable under the Legendre map FL EP (because the other ones appear as a consequence of demanding the (semi)holonomy of the solutions), and thus they are the only ones that also appear in the Hamiltonian formalism (see [29] for an analysis of this subject for higher-order dynamical theories). We have obtained explicitly all semiholonomic multivector fields solutions to the field equations (Proposition 23).
We have done also a brief discussion about symmetries and conserved quantities, giving the expression of the natural Lagrangian symmetries, their conserved quantities and the corresponding flows.
The (covariant) multimomentum Hamiltonian formalism for the Einstein-Palatini model has been also developed. The final constraint submanifold is also obtained in this formalism, and it is defined by the FL EP -projection of the torsion constraints (Proposition 12). The explicit expression of the multivector field solutions is obtained (Proposition 13) and their integrability is briefly analysed. The local description is given using two different kinds of coordinates: the non-momenta coordinates which, as a consequence of the Legendre map, are the same as in the Lagrangian case, and the pure-connection coordinates, where the momenta associated to the connection replace the metric, resulting in metric-free coordinates. An intrinsic interpretation of these last coordinates is also given.
Analyzing the gauge content of the model, we have obtained the local expression of the natural gauge vector fields, both in the Lagrangian and the Hamiltonian formalisms (Propositions 6 and 14). We recover the gauge symmetries discussed in [11] , showing that there are no more. We have used this analysis to establish the geometric relation between the Einstein-Palatini and the Einstein-Hilbert models, including the relation between the holonomic solutions in both formalisms. As it is known [5, 11] , it is possible to recover the second by a gauge fixing in the first-one, which consists in imposing the trace of the torsion to vanish. This equivalence has been studied in detail (Theorem 2 and Propositions 16 and 17).
Finally, using this equivalence, we have been able to prove that the constraint submanifolds S f and P f obtained from the Lagrangian and Hamiltonian constraint algorithms, respectively (where there exist multivector fields tangent to them, satisfying the geometric Lagrangian and Hamiltonian field equations on them) are the (maximal) final constraint submanifolds where these multivector fields are integrable; i.e., there are sections solutions to the field equations passing through every point on them (Propositions 18 and 19).
In a next paper we will study the Einstein-Palatini model with energy-matter sources, analyzing how the type of source influences the constraints, the gauge freedom and the symmetries of the theory.
A Appendix: Symmetries and gauge symmetries of a Lagrangian system
In this appendix we state geometrically the basic definitions and results about symmetries of Lagrangian field theories (see, for instance, [15, 22] for details).
Thus, consider a singular Lagrangian system
, with final constraint submanifold j f : S f ֒→ J 1 π, and the natural submersions
f Ω L be the restricted Poincaré-Cartan form. The most relevant kinds of symmetries are the following:
, then Φ is an exact Cartan symmetry. Furthermore, if Φ = j 1 ϕ for a diffeormorphism ϕ : E → E, the Cartan symmetry is said to be natural.
An infinitesimal Cartan or Noether symmetry of
, then the infinitesimal Cartan symmetry is said to be natural.
Symmetries transform solutions to the field equations into solutions. In particular, for natural symmetries we have: Proposition 20. If Φ = j 1 φ : J 1 π → J 1 π, for a diffeormorphism ϕ : E → E, is a natural Cartan symmetry, and X ∈ ker 4 Ω L is holonomic, then Φ transforms the holonomic sections of X into holonomic sections, and hence Φ * X ∈ ker 4 Ω L is also holonomic.
As a consequence, if X = j 1 Y ∈ X(J 1 π) is a natural infinitesimal Cartan symmetry, and Φ t is a local flow of X, then Φ t transforms the holonomic sections of X into holonomic sections.
Proof. Let j 1 ϕ : M → J 1 π be an holonomic section of X, for ϕ : M → E; then it is a solution to the field equations and then (j 1 ϕ) * i(X ′ )Ω L = 0, for every X ′ ∈ X(J 1 π). Therefore, on the points of S f ,
since (j 1 ϕ) is a solution to the field equations. Then j 1 (φ t •ϕ) is also a solution to the field equation. The last statement is immediate since, by definition, the local flows Φ t : J 1 π → J 1 π of j 1 Y are canonical liftings of the local flows φ t : E → E of Y .
In particular, we are specially interested in symmetries of the Lagrangian:
Definition 7. A Lagrangian symmetry of (J 1 π, Ω L ) is a diffeomorphism j 1 φ : J 1 π → J 1 π, for some φ ∈ Diff(E), such that (j 1 φ)(S f ) = S f and (j 1 φ)(L) = L (on S f ).
An infinitesimal Lagrangian symmetry of (J 1 π, Ω L ) is a vector field j 1 Y ∈ X(J 1 π), for some Y ∈ X(E), such that j 1 Y is tangent to S f and L(j 1 Y )(L) = 0 (on S f ).
Comment: It is well known that canonical liftings of diffeomorphisms and vector fields preserve the canonical structures of J 1 π. Therefore, if j 1 φ : J 1 π → J 1 π is a Lagrangian symmetry, as the Lagrangian density L is invariant, then (j 1 φ) * Θ L = Θ L , and hence it is an exact Cartan symmetry. As a consequence, if j 1 Y ∈ X(J 1 π) is an infinitesimal Lagrangian symmetry, then L(j 1 Y )Θ L = 0, and hence it is an infinitesimal exact Cartan symmetry.
Symmetries are associated to the existence of conserved quantities or conservation laws: If ξ ∈ Ω m−1 (J 1 π) is a conserved quantity and X ∈ ker m Ω L is integrable, then ξ is closed on the integral submanifolds of X; that is, if j S : S ֒→ J 1 π is an integral submanifold, then dj * S ξ = 0. Therefore, for every integral section ψ : M → J 1 π of X, in a bounded domain W ⊂ M , Stokes theorem allows to write
and the form ψ * ξ is called the current associated with the conserved quantity ξ.
Furthermore, Noether's theorem in this context states that if X ∈ X(J 1 π) is an infinitesimal Cartan symmetry, with i(X)ΩL = dξ X (on U ⊂ J 3 π), then ξ X is a conserved quantity. As a particular case, if X is an exact infinitesimal Cartan symmetry then ξ X = i(X)ΘL. For every integral submanifold ψ of X, the form ψ * ξ X is then called a Noether current.
The standard use of the term gauge in Physics is for describing certain kinds of symmetries which arise as a consequence of the non-regularity of the system (i.e. the Lagrangian function) and lead to the existence of states (i.e., sections solution to the field equations) that are physically equivalent. This characteristic is known as gauge freedom. Next we introduce and discuss the geometric concept of these gauge symmetries for Lagrangian field theories, inspired by the geometric treatment given in [2, 27] about gauge freedom and gauge vector fields for non-regular dynamical systems.
When a Lagrangian system has gauge symmetries, a relevant problem consists in removing the unphysical redundant information introduced by the existence of gauge equivalent states. This is achieved implementing the well-known procedures of reduction. This procedure rules as follows: their local generators, which are called 'gauge vector fields', generate an involutive distribution in TS f and hence we can quotient the manifold S f by this distribution in order to obtain a quotient set which is made of the true physical degrees of freedom of the theory and is assumed to be a differentiable manifold S f . Furthermore, S f is a fiber bundle over M , with projection π S f : S f → M . and the real physical states of the field are the sections of this projection. This is known as the gauge reduction procedure for removing the (unphysical) gauge degrees of freedom of the theory. An alternative way to remove the gauge freedom consists in taking a (local) section of the projectionπ f , and this is called a gauge fixing.
Gauge vector fields must have the following properties: -Denote X(S f ) := {X ∈ X(J 1 π) | X is tangent to S f }. As the flux of gauge vector fields connect equivalent physical states, they must be elements of X(S f ).
-As we have said, the existence of gauge symmetries and of gauge freedom is related to the nonregularity of the Lagrangian L (and conversely). As a consequence of this, in general the restricted Poincaré-Cartan form Ω f is degenerated and then it is a pre-multisymplectic form. Therefore, it is reasonable to think that the gauge reduction procedure, which removes the (unphysical) gauge degrees of freedom, must remove also the degeneracy of the form. Hence, gauge vector fields should be the elements of the set ker Ω f := {X ∈ X(S f ) | j * f i(X)ΩL = 0} , or, what is equivalent, if X S f ∈ X(S f ) is such that j f * X S f = X| S f , for every X ∈ X(S f ), then
and then X S f ∈ ker Ω f . The flux of these vector fields transform solutions to the field equations into solutions, but without preserving the holonomy necessarily.
-Gauge vector fields must be π 1 -vertical (we denote by X V (π 1 ) (J 1 π) the set of π 1 -vertical vector fields).
In this way, we assure that the base manifold M does not contain gauge equivalent points and then all the gauge degrees of freedom are in the fibres of J 1 π. Therefore, after doing the reduction procedure or a gauge fixing in order to remove the gauge multiplicity, the base manifold M remains unchanged.
-Furthermore, it is usual to demand that physical symmetries are natural. This means that they are canonical liftings to the bundle of phase states of symmetries in the configuration space E; that is, canonical lifting to J 1 π of vector fields in E. This condition assures that gauge symmetries transform holonomic solutions to the field equations into holonomic solutions (see Prop. 20).
As a consequence of all of this, we define:
Definition 9. X ∈ X(J 1 π) is a geometric gauge vector field (or a gauge variation) of (J 1 π, Ω L ) if X ∈ ker Ω f . The elements X ∈ ker Ω f ∩ X V (π 1 ) (J 1 π)) are the vertical gauge vector fields (or vertical gauge variations). Finally, if X ∈ ker Ω f ∩ X V (π 1 ) (J 1 π)) and is a natural vector field, it is said to be a natural gauge vector field (or a natural gauge symmetry).
In this paper we are interested only in natural gauge vector fields.
All these definitions and properties can be stated in an analogous way for the Hamiltonian system (P, Ω H ) associated with (J 1 π, Ω L ).
